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Abstract—The aim of this study is to investigate the problem of
cooperative multi-robot variation parameter design for dynamic
formation maneuvers with bearing constraints. Notably, scaling
and translation are relatively economical bearing-preserving
motions in terms of formation changes. Typically, the variation
parameters, i.e., the desired scaling size and translation vector,
are designed offline a priori, and it is often challenging to
dynamically generate the desired formation in response to a
changing ambient environment. This paper proposes an online
distributed design method to determine the variation parameters
of an entire formation. First, local variation policies are generated
by the proposed high-order control barrier functions based on
received local excitations from the environment. Subsequently,
using the distributed average tracking technique, consensus filters
are employed to integrate various local variation policies in
a weighted-average manner, which ensures that the bearing is
maintained in dynamic formation maneuvers. Finally, numerical
simulations and experiments are conducted to demonstrate the
effectiveness of the proposed method.

Note to Practitioners—This paper is motivated by the neglect
of the research on the automatic co-adjustment of the formation
variation parameters in most existing formation control schemes,
which rely on fixed and pre-defined desired variation parameters
(scaling size and translation vector). To address this limitation,
this paper suggests an online distributed design method to
determine the variation parameters of an entire formation in
dynamic ambient environments. The proposed method consists
of three parts: 1) By considering received local excitations from
the environment as perturbations to asymptotically stable virtual
systems, unconstrained local variation policies are generated. 2)
By employing high-order control barrier functions, we solve the
bounded magnitude constraints for distributed average tracking
(DAT) algorithms and the minimum scale constraint for collision
avoidance, leading to the generation of constrained local variation
policies. 3) By using DAT algorithms, all robots can cooperatively
obtain a uniform variation parameter, which is exactly the
weighted average of the constrained local variation policies. This
ensures that the bearing is maintained in dynamic formation
maneuvers. Therefore, the proposed method can be deployed to
multi-robot systems in a distributed manner. Finally, numerical
simulations and experiments are conducted to demonstrate the
feasibility of the proposed method and its potential in industrial
applications.

Index Terms—Formation control, formation transformation,
multi-robot systems.
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I. INTRODUCTION

OOPERATION of multi-robot systems is a research area

with growing interest. Formation control, an important
multi-robot cooperative pattern, has been applied to various
scenarios, including aerial cooperative transportation [1], for-
est firefighting [2], surveillance [3], agricultural operations [4],
Earth observation [5], and space debris capture [6].

Specific formation motions are often preferred for formation
maneuvers under sensing constraints. For example, a signifi-
cant issue that cannot be ignored in vision-based formation
tasks, is the limited detection range of vision sensors [7]-
[8]. Bearing-preserving motions are favorable as they retain
bearing relationships among pairwise robots [9]. Typically,
scaling and translation are two types of bearing-preserving
motions.

Translation motion renders the integrated movement of the
formation group without changing its geometric shape or size.
By adopting a consensus algorithm, formation translation can
be achieved based on the leader-follower structure [10]. Time-
varying translation is further considered in [11], where the
reference translation signal available to all robots is included
in the feedforward control term. In [12], Miao et al. proposed
a formation control method for nonholonomic robots based on
the distributed estimation for the leader’s states. The authors
show that formation tracking errors can converge to zero
asymptotically.

Scaling transformation refers to altering the formation size
while maintaining its geometric pattern. In [13], Hou et al.
proposed the dynamic region following formation control
(DRFFC) method to control a swarm of robots. In this method,
robots are driven into the desired region in a centralized
manner. In [15], a distributed scaling control method was
proposed for networked robots, in which only two robots were
familiar with the desired scale. In [16], given the condition
that only two leaders were familiar with the desired forma-
tion scale, a distributed estimation-based control method was
designed for the remaining robots to automatically form the
prescribed formation. The complex Laplacian was used to
manage the planar formation scaling problem in [17]-[18],
where the leader-follower interactive topology was required
to be 2-rooted. Yang et al. [19] proposed a scaling con-
trol method in the framework of affine formation control.
By relying on the estimations of the unknown formation
parameter, several formation control laws were developed
with two leaders [20]-[21] and a single leader [22] familiar
with the desired formation size. Time delays are additionally
considered in [23], where the authors designed a predictive



observer-based control scheme for formation stabilization.
Onuoha et al. [24] extended the affine formation-based scaling
control method to triple-integrator systems, and proposed a
sampled-data controller to deal with practical periodic intervals
limitation. Zhao and Zelazo [25] proposed a bearing-based
method for realizing the formation scale. Uncertainties and
input saturation were studied in [26]. In [27], the authors
revealed that triangulations are infinitesimally shape-similar.
By invoking this property, the bearing-only control method
was proposed to maintain triangulations for planar formation
keeping, where the formation size is determined by two
robots. Although many translation and scaling control methods
have been developed, determining or designing the formation
scaling size and translation motions in a distributed manner
to accommodate dynamic environments remains a challenging
problem.

Notably, for every single robot, obtaining local varia-
tion policies according to local environmental excitations is
straightforward, but uniform variation parameters are nec-
essary for the entire formation maneuver. If we treat lo-
cal variation policies as reference signals of the distributed
average tracking (DAT) algorithm, it is possible to obtain
uniform formation variation parameters, which are exactly
the weighted average of the local variation policies. Linear
DAT algorithms have been applied to reach the average
consensus of multi-robot systems with bounded errors [28]. By
employing the signum function, nonsmooth DAT algorithms
have been proposed to track the average of multiple time-
varying reference signals with bounded derivatives [29]-[30].
By combining potential functions, the DAT algorithm was
used to track the average of a class of refer velocity signals
and realize obstacle avoidance for a swarm of robots [31].
In [32], Chen et al. presented the connection between the
DAT and DRFFC methods [13], demonstrating that the DAT-
based DRFFC method could exhibit richer formation behavior
that facilitates obstacle avoidance. However, reference signals
(local variation policies) often must to be constrained to
some domain for DAT algorithms, such as those utilizing
bounded derivatives [33]-[34] or bounded accelerations [35].
Moreover, in practical formation tasks, local variation policies
also require minimum-scale constraints to avoid collisions.
Therefore, it is important to ensure that local variation policies
satisfy the desired constraints.

The control barrier function (CBF) was introduced to trans-
form safety constraints into state-dependent linear inequality
constraints on the inputs [36]. In [37]-[38], the high-order CBF
(HOCBF) was proposed to deal with arbitrarily high relative
degree constraints. [40] stipulated a sufficient condition for
the control-sharing property of multiple CBFs, which can be
used to analyze the conflict between CBFs. The designer
must exercise caution when designing specific forms of the
desired constraints of local variation policies to constitute
CBFs because unreasonable constraint expressions often lead
to conflicts and loss of the control-sharing property.

This paper addresses the challenges of dynamically generat-
ing desired formations in response to changing ambient envi-
ronments, which has been rarely studied in previous research.
Typically, the desired formations are given a priori. The lack

of automatic co-adjustment of formation variation parameters
limits the flexibility and adaptability of formation behaviors.
To address this issue, we propose an online distributed design
method for determining the scaling and translation parameters
of an entire formation. The proposed method can maintain
the bearing relationships among pairwise robots during dy-
namic maneuvers, and significantly increase the flexibility
and practicability of formation behaviors. First, the excitation
vectors received from the environment are regarded as external
perturbations to asymptotically stable virtual triple-integrator
systems, which can generate unconstrained local variation
policies. Second, by employing HOCBFs, the bounded mag-
nitude constraint for DAT algorithms and the minimum-scale
constraint for collision avoidance are solved. We demonstrate
that the constituted HOCBFs experience no conflicts, implying
that HOCBFs have the control-sharing property. Next, DAT-
based consensus filters are proposed to integrate constrained
local variation policies in a weighted-average manner. All
the robots can obtain uniform formation scaling and trans-
lation parameters in a distributed manner. Consequently, the
bearing constraints among the different robots are naturally
maintained.

The main contributions of this study are summarized as
follows:

1) By using projection operations, the robots’ environmen-
tal excitation vectors are converted to direct excitation
forms of formation variation. Compared with the for-
mation maneuver methods with pre-defined parameters
[21]-[25], the formation parameters herein can be self-
adjusted in response to the environment, so it is signif-
icantly more flexible and practical.

2) The HOCBFs are designed to solve the constraints of
local variation policies. The control-sharing property of
the HOCBFs is rigorously proved. In this study, the
considered constraints in CBFs do not contain bounded
functions, which makes the input constraints highly cou-
pled with states. Therefore, the analysis of the control-
sharing property is more complex and challenging than
[40]-[41], where the boundedness of sin(-) and cos(-)
functions is utilized to estimate the inputs constraints
without state couplings.

3) DAT-based consensus filters, which can integrate local
variation policies in a weighted-average manner, are pro-
posed to obtain uniform formation variation parameters.
This approach ensures that bearings will be preserved
in the resulting formation maneuvers. Different from
the applications in [31]-[32], this paper first uses DAT
algorithms in the formation variation parameter decision
problem. The tracking ability of the DAT algorithms on
the mean is used to achieve the weighted average re-
quired for cooperative decision-making. We expand the
possible applications of the DAT algorithm to formation
tasks.

The remainder of this paper is organized as follows. First,
some preliminaries and the formation problem are presented
in Section II. The design method for the formation scaling
parameters is described in Section III. Following the steps



described in Section III, the translation parameters are de-
scribed in Section IV. Finally, the simulations and experiments
conducted to verify the proposed design method are discussed
in Section V.

II. PRELIMINARIES AND PROBLEM DESCRIPTION

TABLE I
Li1ST OF KEY NOTATIONS AND VARIABLES
Symbol Quantity
p* €R3 Reference trajectory
rr eR3 Nominal formation of ith robot
p; ER3 Position of ith robot
fi€R® Environmental excitation for ith robot
pi €R Local scaling policy of ith robot
Vi €R Scaling excitation of ith robot
tri €R Input for the local scaling policy dynamics
rx € R Nominal scale
Kmin € R Minimum scale
kry € Rt Gain for scaling excitation
ki, aw, by € RT Control gains for local scaling policy
ex € RT Maximum magnitude of local scaling policy
h1:R3 - R Magnitude constraints of local scaling policy
he : R — R Minimum constraints of local scaling policy
01k, 02k,03, € RT Parameters of class K functions for hq
ve € RT Parameter of the class K function for ho
K; €R Scaling parameter of ith robot
Ui € R Input for the scaling parameter dynamics
P, T € RT Control gains for scaling parameter
w; € R3 Local translation policy of ith robot
Ug; € R3 Input for the translation parameter dynamics
kg € RT Gain for translation excitation
kq,aq,bq € RT Control gains for local translation policy
gq € Rt Maximum magnitude of local translation policy
hs :RY - R Magnitude constraints of local translation policy
vq €RT Parameter of the class K function for hg
q; €R3 Translation parameter of ith robot
g € R3 Input for the local translation policy dynamics
0q,mq €ERT Control gains for translation parameter

A. Control Barrier Function

This function is considered a general affine control system:

x=fx +g@x)u x(t)cRe. (1)

Function b (x) b
differentiable.

Definition 1: (Relative degree [38],[40]) The relative degree
of b(x) with respect to system (1) is the number of times
needed to differentiate it along the system dynamics until the
control u is explicitly demonstrated.

R¢ — R is continuously m™ order

First,
follows:

a series of functions 6; (x) : R — R is defined as

0o (x) :=0b(x),
01 (x) := 6o (x) + a1 (6 (x)),

O, (x) = ém—l (x) + (97”—1 (x)) )

where o, () denotes the class K function of its argument.
According to the defined functions, a series of invariant sets
can be defined as follows:

Cl::{xERd’:eo(x)ZO}7
Cg::{xeRdu%(x)ZO},

Cp = {xeRd:Gm,l (x) 20}.

Function b (x) with relative degree m is a CBF (HOCBE, if
m > 1), if there exist differentiable class K functions oy (-) ,
ag (+) ... am (), such that

m m— amb x)u
L¥b(x) +LgL7 (x)u + %

T O (x)) + am (6m-1 (x)) =0,

for all x € Ci(1C2(),---,[1Cm, where O (-) denotes the
remaining Lie derivatives along f and the partial derivatives
with respect to ¢ with a degree less than or equal to m — 1.

Lemma 1 ([38] Theorem 5): If the initial value is x (o) €
C1NC2(s--,[\Cm, and if any Lipschitz continuous con-
troller u satisfies (2), set C1[)C2()s -+, [)Crm is forward in-
variant for system (1).

2

B. Graph Theory

A graph G is a pair (V, €), where V = {vy, ..., v, } is a non-
empty finite set of nodes and € C V x V is a set of ordered
pairs of nodes, called edges. An edge (v, v;) represents the
communication path from node v; to node v;.

The adjacency matrix is A = [a;;] € R"*", where a;; = 1,
if (v;j,v;) € €, and a;; = 0, if (v;,v;) ¢ €. In general, a;; =0
is defined. The set N; = {j € V': (v}, v;) € £} contains all
neighbors of node v;.

The Laplacian matrix is £ = [l;;] € R™*", where l;; =
—aij, if i # j and l;; = > . r, aij, if @ = j. The incidence
matrix is H = [h] € RIVIXIEl where

1 if v; is the is the head of kth edge

—1 if v; is the is the end of kth edge .
0 otherwise

hik =

The incidence matrix and Laplacian matrix satisfy £ =

HH".

C. Problem Description

Assumption 1: The interactive graph G among robots is
connected and undirected.
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Fig. 1. Formation maneuvers with scaling and translation.
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Fig. 2. Framework of the proposed distributed formation scaling and translation parameters design method with formation control.

The connectivity of the graph is the basic assumption of
networked systems [10]. Further, when using wireless com-
munication, it is generally possible to establish bilateral com-
munication if the wireless signals of two robots are reachable,
so it is assumed that the graph is also undirected. Assumption
1 is consistent with the practical cooperative robotic systems.

The aim of this study is to investigate the problem of de-
signing formation variation parameters for dynamic maneuvers
with bearing constraints. Note that only bearing-preserving
motions, including scaling and translation, are permitted. It is
considered that n robots exhibit double-integrator dynamics:

3)

where p; € R? denotes the Cartesian position of the ith robots.
First, some definitions are provided herein.

Reference trajectory: The reference trajectory p*(t) € R?
is a given trajectory of the formation, which is known to all
robots. It can be determined by a specific mission or some
path-planning methods.

pi :u’ia

T
(D)™ @] eRrms
the nominal formation with respect to the reference trajectory
p", which is a typical constant geometric pattern. The ith robot
is familiar with its own nominal formation and that of its
neighbors {r;}je.'\/iu{i}

Each robot can receive a local excitation vector f(t) € R3,
which represents the locally recognized formation variation

tendency. These excitation vectors can be different, time-

Nominal formation: r* =

varying, and discontinuous. f,(t) is assumed to satisfy the
following assumption:

Assumption 2: f;(t) is bounded, satisfying ||f;(t)||, < o,
where ¢ is a finite positive value.

The computation of f,(t) is carried out by the robot itself
in response to the environment, and the robot can restrict £ (¢)
in the computational algorithm. Therefore, the boundedness of
f:(t) is achievable.

In the proposed method, the entire formation can be scaled
from the nominal formation and translated from the reference
trajectory. Each robot maintains a formation scaling parameter
k;(t) € R with respect to the nominal formation and a
translation parameter ¢;(t) € R? with respect to the reference
trajectory.

To achieve dynamic formation maneuvers with bearing
constraints, robots must reach a consensus on the scaling and
translation parameters. Therefore, the primary objective of this
study is to cooperatively generate the formation scaling and
translation transformations according to the local excitation
vectors {f;(¢)}™_,, such that

Jm () — k() = 0,
tligloqi(t) —q;(t) =0.

Note that we will omit argument ¢ when it is clear that we
are referring to p;(t), w;(t), k;(t), q;(t), and f, ().
For clarity, the notations and variables are listed in Table 1.
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Fig. 3. The projection of f; along the edges of the nominal formation. For the
ith robot of this figure, Proj; DR (r; —r7) > 0and Projy, AR (rp—ri) <
0. Thereby, it has 5 € N; and k ¢ N/;.

The framework of the proposed method is illustrated in
Fig. 2. First, each robot generates the local scaling p; € R and
translation w; € R3 policy, according to the local excitation
vector f,. Owing to the difference in f,, the generated local
variation policies are also different. Then, the developed DAT-
based consensus filters integrate the diverse local variation
policies to reach an agreement in a weighted-average manner.
Consequently, the desired position p¢ = p* + g, + k;r} is
provided to the distributed formation controller of the robots.

By using an appropriate f,, the formation can be trans-
formed to realize obstacle avoidance, gathering, and other
behaviors. The remainder of this paper introduces our design
methods for determining the formation variation parameters.

III. FORMATION SCALING PARAMETERS DESIGN

This section describes the manner in which the formation
scaling parameters reach an agreement for bearing-preserving
maneuvers, as illustrated in Fig. 2. First, the local excitation
vector f, is transformed into a formation scaling excitation,
generating a nominal control for the local scaling policy with-
out constraints. Then, by using the elaborately designed forms
of the bounded magnitude and minimum-scale constraints,
we constitute HOCBFs to generate constrained local scaling
policies. Finally, a developed consensus filter ensures that the
formation scaling parameters reach an agreement, which is
exactly the weighted average of the constrained local scaling
policies.

A. Unconstrained Local Scaling Policy Design

The dynamics of the local scaling policy p; € R are
governed by the following virtual triple-integrator system (4):

Pi = ir, (4)

where 1, is the input.

The influence of f, on the formation scaling excitation is
defined as

1 5 [[Proj; ()], N+ o
N JEN rj =1, (5)

J

Vi =

with

N, = {je/\fi : Proj; (fl)T (r‘f—r;f‘) >0},

J
proj; (1) =) (o ey,
J

*
r, —r;

2

where only the formation scale reduction is considered in
N Proj; (f;) represents the projection of f, along the edge
of the nominal formation (r% —r;). These relationships are
illustrated in Fig. 3.

The environmental excitation f, is transformed into the
formation scaling excitation v;, by (5). The local scaling
policy should change the formation scale size according to
v;, and restore it to the nominal scale k* := 1 when v;, = 0.
The following unconstrained nominal control law is developed
for (4):
bnpi + k/{fvilm (6)

Hik = *kmsin - an/.ji -

where k; > 0, a, > 1, and b, > 0; key > 0 is a gain
that adjusts the effect of f;. A larger ks allows the scaling
excitation to more easily scale the formation. s; is the sliding
mode surface designed as follows:

Sik = Pi + axpi + b (pi — k). @)

Theorem 1: Under Assumption 2, with any k,; > 0, a,, > 1,
b, > 0, and k.y > 0 for the dynamics (4) and control (6),
if v, = 0, then (p;, ps, p;) converges to (0,0, ). If v;,, #
0, then a local scaling policy with the effect of v;, or f, is
generated.

Proof: See Appendix A. |

B. Constrained Local Scaling Policy Design

An unconstrained nominal control for local scaling dynam-
ics (4) is obtained using (6). The following constraints are
considered:

hy (pis i i) = €2 — [i + anpi + b (pi — Fmin)]> > 0, (8)
ha (pi) = pi — Kmin > 0, )

where ¢, > 0 and K* > Kmn > 0 can be designed.
Kmin represents the feasible minimum formation scale. The
constraint hy (p;, pi, pi) : R® — R is designed for the
consensus filter, as will be described in the next subsection.
The constraint hs (p;) : R — R is designed to constrain the
generated formation scale p; to no less than the minimum scale
Kmin for safety. Constraints (8) and (9) require that p;, p;, and
p; are always in the forward invariant set C,, defined as

Coi={lpi pi )" €R® by (pivpis i) 2 0,k (i) 2 0}
(10§



We will omit arguments p;, p;, and p;, when it is clear that
we are referring to hy (p;, ps, ;) and hs (p;). The CBFs are
constructed as follows to solve the constraint problem. For hq,
we consider the following series of functions:

o :=h1,
&1 :=8 + V=0
:hl + Yeha

.. . .. . 11
=—2 [pi +agp; + b (pi - Hmin)} (anpi + bnpi) (n

= 2[pi + awpi + by (Pi — Kmin)] Min
+ {Ei - [pz + anpi + bﬁ (p'L - Kmin)]2} )
where & is a class IC function with v, > 0.

Similarly, for hy, we consider the following series of
functions:

CO ::h27
¢1 :=Co + 01xCo
=p; + 615 (Pi — Kmin) ,

G2 :=C1 + 02+C1
=pi + 01xpi + O2x [Pi + O1r (Pi — Kmin )],
G3 3=é2 + 632
=Wir + O1xPi + 02k (Pi + O14P4)
+ 03k {Pi + 01xPi + 02k [i + 016 (Pi — Kmin )]}
=Wir + (01 + 02 + 034) fi
+ (02x01k + 031015 + 03024 ) Pi
+ 03r62k015 (Pi — Kmin ) 5

12)

where 91, (o, d2,(1, and d3(o are class K functions with d,, >
0, 0€1{1,2,3}.

The relative degrees of hy and hs with respect to system (4)
are 1 and 3, respectively. Hence, hs is a HOCBF that satisfies
(3 > 0.

According to Lemma 1, to satisfy the constraints (8) and
(9), the modified control ;. from a nominal control uﬁf can
be obtained by the following HOCBF quadratic programming
(QP):

_ . 1 ref 2
Hix = argmin B} (/tm - .Um)
§&12>20
(=0

(13)
s.t.

where

ref __

Hix, = _knsin - a/{ﬁi - b;{pz + knfvin

is the unconstrained nominal control proposed in (6).

Note that both &; and (3 are designed for the same control
input p;,.. The existence of the control p;, must be analyzed.
Alternatively, h; and hy exhibit the control-sharing property
[40].

Theorem 2: If the selected parameters of class /C functions
in (11) and (12) satisfy (14), then the control p;,; in (13) for the
dynamics (4) must exist with constraints £; > 0 and (3 > 0.

1 =615 + 02k + 035 — ax — 0.257,
A = 625615 + 53/{61n + 53N62n - bn - 0.25’7,{0,,@ .
b,i = (53,4(52,{51,1 — 025’)/,@{),.C

(14)

Proof: See Appendix B. ]

Remark 1: Typically, it is difficult to solve a system
of nonlinear equations (14) using algebraic methods. When
using numerical methods, certain parameters can be fixed.
For example, in our simulation, ¢, = 1.5, 7, = 1, and
01, = 1.5 are fixed. Then, one feasible solution is obtained
(see Section V-A).

C. Distributed Scaling Consensus Filter

Diverse local scaling policies are generated using (4), (6),
and (13). Further, a unique formation scaling parameter should
be provided for bearing-preserving motions. The formation

scaling parameter is governed by the following dynamics:
5)

KRi = Ujk-

A DAT-based consensus filter is presented in (16), which can
integrate local scaling policies in a weighted-average manner.

Uin =Pi — G (Fi — Pi) — be (ki — pi)

— Or Z sgn (k; — Kj) — Tx Z sgn (k; — Ry),

JEN; JEN;
(16)
where the following conditions should be satisfied:
>n(n—1)¢
Pr ( ) En . 17
T > @ +n(n—1)e,

Theorem 3: Under Assumption 1, if (17) is satisfied, the
DAT-based consensus filter (16) can enforce formation scaling
parameters with dynamics (15) to reach a consensus, which
is exactly the weighted average of constrained local scaling
policies.

Proof: See Appendix C. ]

D. Distributed Formation Scaling Design Method

Based on the preceding analysis, the proposed online dis-
tributed formation scaling design method for the dynamics of
the local scaling policy (4) and formation scaling parameter
(15) can be summarized in (18), (19), and (20).

1 = —Kysin — i — bepi + Kpvin (18)
. 2
Pir, = argmin o (pine — 12557
&6 >0 (19)
s.t. 43 >0

Wi =Pi — s (Fi — pi) — b (Ki — pi)
— x> sgn (ks —rj) = Y sen (ki — i)
JEN; JEN;

(20)
where the parameters satisty a,, > 1; bi, ki, krf, €55 Vo 01k,
da2x, 034 are positive gains, and

1= 51n + 52n + 531{ — Qg — 02571{
A = 024015 + 03501k + 03502 — b — 0.257v,ax
bﬁ = 63m62n61m — 0-25’}%1)»@
v >n(n—1)e,

2

T > 0 +n(n—1)¢e,



IV. FORMATION TRANSLATION PARAMETER DESIGN

This section describes the manner in which the forma-
tion translation parameter reach an agreement for bearing-
preserving maneuvers. Unlike the local scaling policy design,
the local excitation vector f,; can be exerted directly on forma-
tion translation, and the minimum constraint is unnecessary.
The other steps are similar to those described in Section III
for formation scaling parameter design.

A. Unconstrained Local Translation Policy Design

It is considered that the local translation policy w; € R3
is governed by the following virtual triple-integrator system
(22):

wz = Mig, (22)
where p;4 is the input.

The unconstrained nominal control law is designed as
follows:

Hiq = P* _kqsiq_aq (wz —P*) _bq (wz _I)*>+kqffia (23)
where k; > 0, a; > 1, and by > 0; kgr > 0 is a gain that
adjusts the effect of f;,. A larger k,; allows the translation

excitation to more easily translate the formation. s;, is the
sliding mode surface, which is defined as

Sig = (Wi —p") +aq (Wi —p*) + by (w; —p*). (24

Theorem 4: Under Assumption 2, with any k, > 0, ag > 1,
by > 0, and k4¢ > 0 for the dynamics (22) and control (23), if
f; =0, then (w;,w;,w;) converges to (0,0,0). If f, # 0, then
a local translation policy with the effect of f, is generated.

Proof: The proof of this result is quite similar to that of
Theorem 1; and hence, it is omitted. |

B. Constrained Local Translation Policy Design

Unlike formation scaling, it is unnecessary to constrain the
minimum formation translation. Note that only one constraint
exists for formation translation policies:

ha (Wi, Wi, W05) = €2 — [lsiq]|2 > 0, (25)

where £, > 0 can be designed. The constraint hg (w;, w;, w;) :
R = R is designed for the consensus filter, as will be
described in the next subsection. It requires that w;, w;, and
w; are always in the forward invariant set C,, defined as

Cy={ W I W) € R :ha(wi) 2 0}

? 7 7

(26)

We will omit arguments w;, w;, and w; when it is clear that
we are referring to hg (w;, w;, w;). We consider the following
series of functions:

So =hs,
¢1 =S0 + YpSo
=h3 + Yphs
=258, [= 5" + ag (b —B") + by (b —p")]
2
25 tia + 7 (<5 = lsiall3) -

where 7450 is a class K function with v, > 0.

The relative degree of hg with respect to system (22) is 1.
The modified control p;, from a nominal control pf can be
obtained by the following CBF QP:

1 2
Hig = argmin 5 (/'Liq - /J'Ezf)

s.t. S] Z 0

27)

where

ref

Hiqg = P* - kqsiq — Qq (W1 *p*) — bq (Wl —p*) + kqffi’

which is the unconstrained nominal control proposed in (23).

C. Distributed Translation Consensus Filter

Diverse local translation policies are generated using (22),
(23), and (27). Further, a unique translation parameter should
be given for bearing-preserving motions. The formation trans-
lation parameter is governed by the following dynamics:

q; =Uiq. (28)

A DAT-based consensus filter is presented in (29), which
can integrate local translation policies in a weighted-average
manner.

Uig =W; — aq (q; — W) — by (¢; —wi)
— Pq Z sgn (¢, —q;) — Z sgn (¢; —4;) ,
JEN; JEN
(29)
where the following conditions should be satisfied:
>n(n—1)e
Pq ( ) &q . (30)
Tg > g +n(n—1)¢gg

Theorem 5: Under Assumption 1, if (30) is satisfied, then
the DAT-based consensus filter (29) can enforce formation
translation parameters with dynamics (28) to reach a consen-
sus, which is exactly the weighted average of local translation
policies.

Proof: The proof of this result is quite similar to that of
Theorem 3; and hence, it is omitted. |

D. Distributed Formation Translation Design Method

Based on the preceding analysis, the proposed online dis-
tributed formation translation design method for local trans-
lation dynamics (22) and formation translation parameter
dynamics (28) can be summarized in (31), (32), and (33).

—P")=bg Obi —p") +kqpf;, 31)

ref __ -

ll'z'q - p

* .

— kqsiq —Qq (Wl'

. 2
Hig = argmin 5 (Hig — urifzf)

s.t. ¢ (Wz) > 0

; (32)

Uig =W; — aq (q; —w;) — bg (q; —ws)

— ¥Pq Z sgn (‘Ii - ‘Ij) — Tq Z sgn (qi - ‘Ij) )

JEN JEN
(33)
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Fig. 4. The nominal formation and communication topologies in simulation.

where the parameters satisfy aq > 1; by, kg, kqf, €p, Vg are
positive gains, and

wg>n(n—1)g, ' (34)

Tg > g+ n(n—1)¢g,

Remark 2: By designing the local excitation vector f,, col-

lective behaviors such as obstacle avoidance and containment
can be obtained. When dealing with static obstacles, the local
excitation f; can be generated based on the relative position of
the obstacles and the robots. However, in the case of dynamic
obstacles, their velocities must be considered when designing
the local excitation vector f;. Specifically, when an obstacle is
approaching the robot, a larger excitation should be generated
to enable the robot to maneuver quickly and avoid the obstacle.
On the contrary, when the obstacle is moving away from
the robot, the avoidance requirement needs not be considered
immediately, and a smaller excitation is sufficient.

V. SIMULATION AND EXPERIMENT RESULTS

This section discusses the numerical simulations and ex-
periments conducted to validate the theoretical results of the
proposed online distributed dynamic formation design method.
A classic distributed formation control [10] is utilized for the
generated desired position p¢ = g, + s;r} tracking, where
the parameters ¢g; and &, are obtained using the proposed
formation variation parameter design methods summarized in
Section III-D and IV-D.

A. Simulation

Seven robots are considered in an environment with obsta-
cles. The nominal formation and communication topologies
are illustrated in Fig. 4. The initial formation scale and
translation are set to the nominal formation, such that

ki (0) = p; (0) = K* =1,
p; (0) =p?(0).

The parameters for the formation scaling design are selected
as

01, =15 a, = 2.7576 (. = 100
8 = 1.2576 | b, = 1.8863 T, = 200
93, = 1.25 k. =10 e.=15"
Ve =1 kp =170 Kmin = 0.3

Di

/
7 7/ kth obstacle
13,00

ol

Fig. 5. The computation of 72,5 in simulation. oy, is the axis of kth cylinder
obstacle. t;;, is a vector from any point on o0y, to the robot p,. n;, = t;5, —

T
t; .0 — n; —Tk . .
k%% Thereby, ;) = H““H722knik is obtained.
llogIl2 llmix 113
2 [
S0
=
-2
L I
0 10 20 30 40 50 60 70 80
t(s)
5- |—From noisy position measurements
—From filtered position measurements|
T
-5 L -
0 10 20 30 40 50 60 70 80
i(s)
4!
N
=0
-2 L“~\\I
0 10 20 30 40 50 60 70 80

t(s)
Fig. 6. The computed f; from noisy and filtered position measurements in

simulation.

which satisfies Theorems 1, 2, and 3. The parameters for the
formation translation design are selected as

= 2.8363 =300
kg=10 |% v
by =2.0111 < 7, =600,
kg =70
Y =1 g =171

which satisfies Theorems 4 and 5.

Obstacles are modeled as cylinders. The kth cylinder has
axis o, and radius ri. The local excitation vector f, is
generated using the following simple rules:

4%& ||’_lz minH é )
fi= 172 minl [ ’ ? )
||ﬁi,minH2 > 5

(35)

where 7; min = min {f1;;}. f;, denotes the vector from the
nearest point of the kth obstacle surface to the ith robot. The
computation of 7n2;;, is shown in Fig. 5. The rules in (35) imply
that f, is activated only by the nearest obstacle. Note that f,
can be discontinuous.

In the practical system, f,; can be disturbed by noisy position
measurements. Therefore, in the simulation, to simulate the
practical environment, Gaussian noise is considered in robots’
position measurements. The noisy measurements are processed
using low-pass filters, which have been widely used to handle
the measurement noises [43]-[44]. Fig. 6 shows the computed
S from noisy and filtered position measurements, respectively.
The noisy f, has more chattering because the noise causes
frequent switching of the min {-} function in (35). The filtered
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Fig. 8. Local scaling policies and formation scaling parameters in simulation.

Jf; does not have chattering, and it can be observed that the
low-pass filters can handle the measurement noise effectively.
The variations in formation are shown in Fig. 7. The refer-
ence trajectory, denoted by the straight pink line, is close to the
obstacles in some areas. With the help of the excitation vector
[, and the proposed dynamic formation maneuver methods, a
uniform translated reference trajectory and scaled formation
are obtained. This result indicates that the robots are adaptive
to an environment with obstacles under bearing constraints.

According to f,, diverse local scaling and translation poli-
cies are generated, as shown in Fig. 8 and Fig. 9, respectively,
where the consensus filters resulting in a uniform formation
scale and translation are highlighted in red.

The performance of the constraints h; > 0, hy > 0, and
hs > 0 is shown in Fig. 10, Fig. 8 and Fig. 11, respectively. It
is observed that the designed constraints of the local variation
policies are well satisfied under the proposed CBFs.

B. Experiment

Fig. 12 presents the framework of the physical experiment
system. The aerial robots utilized are Crazyflies'. The position

Uhttps://www.bitcraze.io/products/crazyflie-2-1/

—,

[ ]Obstacles|

Fig. 9. Local translation policies and formation translation parameters in
simulation.
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<
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Fig. 10. Constraint k1 > 0 in simulation.
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o- I ]
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Fig. 11. Constraint A3 > 0 in simulation.
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Fig. 12. The framework of experiment system and data flow.
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Fig. 13. The nominal formation and communication topologies in the

experiment.

measurements are supported by OptiTrack? motion capture
systems. The proposed distributed formation scaling and trans-
lation parameter design methods are deployed on ROCK(Pi)
4B Plus® onboard processors, each of which corresponds to a
single Crazyflie. The control commands are broadcast through
a data relay PC using the Crazyradio PA* data transmission
module.

Four Crazyflies are considered in a planar obstacle environ-
ment. The nominal formation and communication topologies
are illustrated in Fig.13. The initial formation scale and
translation are set to the nominal formation, such that

Zhttps://www.optitrack.com/
3https://wiki.radxa.com/Rockpi4
“https://www.bitcraze.io/products/crazyradio-pa/

L

&
v

Lyt

Fig. 14. Snapshots of the experiment.
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Fig. 15. The formation variations in the experiment.

The parameters for the formation scaling design are selected
as

610 =15 a, =2.7576 (. =20
8or = 1.2576 | b, =1.8863 | 7. =40
93, = 1.25 k. =10 ee=15"
Yo =1 k. = 100 Fomin = 0.3

which satisfies Theorems 1, 2, and 3. The parameters for the
formation translation design are selected as

= 2.8363 =45
ky=10 | v
b, = 2.0111 g =90,
kqr =5 _ B
Vg = €q=3.5

which satisfies Theorems 4 and 5.

Two obstacles are modeled as planar circles with the same
radius 0.45 m. The excitation vector f, is generated using the
artificial potential fields from the obstacles.

As shown in Fig. 14 and Fig. 15, four aerial robots with a
square formation move along the obtained translated reference
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Fig. 17. Local translation policies and formation translation parameters in
the experiment.

trajectory in an environment with obstacles. The formation
scale is also automatically transformed.

Owing to the effect of the excitation vector f,;, diverse
local scaling and translation policies are generated, as shown
in Fig. 16 and Fig. 17, respectively. The team of robots
follows the designed uniform translation parameters ¢;, which
are shown in red in Fig. 15 and Fig. 17. From Fig. 17, it
is observed that the generated local translation trajectories
of robots 1 and 3 cross the obstacles, but no collisions
occur because the generated local variation policies w; are
responsible only for themselves. g, is the integration of the
local variation policies {w;}! ;. Hence, if one robot wants to
affect the whole significantly, it must be significantly “loud.”
For example, as illustrated in Fig. 15, robot 1 is always close to
obstacle 2, located at [0.71 1.71]". Although its neighboring
robots 2 and 4 can also be affected by obstacle 2 , the distance
from obstacle 2 to these robots is still large. The generated wo
and wy are only slightly affected by obstacle 2. Hence, the
consequent translation parameter drives robot 1 to continue
approaching obstacle 2, and the magnitude of f, continues to
increase until w; becomes significantly distant from obstacle
2. At this time, wy can cross obstacles far from robot 1.

The performance of constraints hy > 0, ho > 0, and hg > 0
is shown in Fig. 18, Fig. 16 and Fig. 19, respectively. It is
observed that the designed constraints of the local policies are
well satisfied.

2.5 [—hi(py, p1, 1) —Pa(p2; 2, 2) —ha(ps, pss 3) —ha(ps; P, )|
—~ 2 [ )
BSY
15
&
= 1
-~

0.5 |

0 -~ L L L
0 10 20 30 40 50 60 70

Fig. 18. Constraint A1 > 0 in the experiment.

12
,510
-3
5 6
= 4 —hs(wy, Wy, W)
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2 hy(ws, w3, Ws3)
oL ‘ ‘ ‘ *h:s(wulbruibﬁ
0 10 20 30 40 50 60 70

Fig. 19. Constraint h3 > 0 in the experiment.

VI. CONCLUSION

This paper has proposed an online distributed formation
design method for scaling and translation parameters that can
maintain bearing constraints in dynamic formation maneu-
vers. The formation motions were excited by time-varying
discontinuous environmental excitation vectors f,. By using
HOCBF-based control, continuous bounded local variation
policies were generated for DAT algorithms, obtaining uniform
formation variation parameters, which are exactly the weighted
average of local variation policies. Based on simulations with
up to seven robots and experiments with up to four robots, we
demonstrated successful dynamic formation maneuvers. The
robots could scale and translate the entire formation when
required in response to the environment.

Future research will include extending the proposed design
methods to more types of formation variations and more
complex constraints.

APPENDIX
A. Proof of Theorem 1
According to (6) and (7), it has
Siw = Pi+ Qupi + bupi
= _knsim + k'mfvitv

Then, we select the Lyapunov function Vs, = =s
derivative is
V

Sin —SikSik

2
= —kpsj, + kefSinik-



According to Assumption 2, v;, is finite. When v;,; # 0,
Six can converge to the neighborhood of 0, represented by
Sir = Nix (Vir ), where 1, (v, ) is finite. By substituting s;,, =
Nix (Vi) into (7), the motion of p; is obtained by

Pi = —@kpPi — b (pi — K") + M (Vi) -

A Lyapunov function is selected as
vo— L= w0 Jan+ e 1] [0 = %)
pi 2 P 1 1 p )

whose derivative is

Vo, = (an +be) (pi — £) pi + 97 + [(pi — &%) + pi] fi
— (ax — 1) p? = by (pi — £7)?
+ [(pl - ) + pv] Nix (UM>

T
p a — 5
+[(pi = K7) + pil Mirs (Vi)

<= OV, +[(pi — K°) + pil min (Vir) 5

where
min {a, — 1,b.}

a.+0b, 1]\’
([ ])

It shows that (j;, p;, p;) converges to the neighborhood of
(0,0, k*), which means diverse local scaling policies {p; }I" ;
are generated.

If v;, = 0, it has VSN = fk,.@sfﬁ. The sliding mode surface
Nire (vm) = 0 can be achieved. Then, according to

.» (pi, i, pi) returns to (0,0, K*).

C. =

I/\ I

S
VP:‘

B. Proof of Theorem 2
According to
§&12>20
(>0
the control p;, must satisfy
P; (pi, pis pi) = Qi (pi, Piy Pi) i
(pis Pis Pi) = Qi (pis Pis Pi) 1 ’ 36)
i > Wi (pi)

where

Qi (pu Pi pz) =2 [Pz + anpi + by ( Hmln)] )

P)i (puplapZ)
= —2[pi + anpi + be (pi — Kmin)] (axfi + beps)
+ Ve {Ei — [Pi + awpi + be (pi — Kvmin)]z}

= Qu (o) i+ i)+ (22— 102 00).
Wi (pi) = — (014 + 02k + O3x) Pi

- (52n51n + 53/{6111 + 53n52n) pz
- 53562/-@515 (p1 — RKmin ) .

We will omit arguments p;, p;,and p; when it is clear that
we are referring to P; (ps, ps, i), Qi (pi; pi, pi), and Wi (p;).
There are three cases according to the value of @;.

Case I, if @Q; > 0, u;,; can be solved from (36) as

P;
— > pix > Wi
Qi — K
It is considered the term:
P —Q:W,
1
=—Q; (anp; +bepi) + Ve <ei - 4Q12)

(51m + 52/{ + 53/<a) pz

+ (62/{51& + 53:@515 + 53n§2n) pz

+ 53K62H51K (pz — Rmin )
(61/1 + 525 + 63n — 0k — 0257H> pz

+Q;

:Qi + (52,'{6111 + §3n51n + 631162/{ - b/{ - 0~257nam) pz
+ (53552n515 - 025'}%17/{) (pz — Rmin )
+ fYHEi

Combining (14), it has

1
P - QW = 5@? + ez > 0,

which means (36) is not contradictory for p;,. Feasible control
i, €XiSts.
Case 1II, if Q; < 0, (36) is rewritten as

P;
Hix = Max {sz Qz} .
Case III, if @); = 0, (36) is rewritten as
Hirk 2 Wz

Hence, for any @); € R"™, the feasible control p;, in (13)
for the dynamics (4) always exist as long as the condition (14)
is satisfied.

C. Proof of Theorem 3

The control goal is to enforce formation scaling parameters
to reach the average consensus of the local scaling policies,
such that

lim |k; — — —0 lim |k; — — —0
t—o00 ¢ Zp] ’ t—o00 ¢ ij

The consensus error is defined as

1
Ki = K — — Kj,
n-
Jj=1
n
-1
Ki =K — — Kj
n-
Jj=1



where
1
M=1,--1'1,,
n
K= [k kin]
and it can be verified that
MH =%H,
ML=LM=L.

Then, we have

k =Mk
=Mp — (ak + BR) + M(anp + brp)
— puHsgn(H k) — m . Hsgn(H &)

We choose the following Lyapunov function:

e [ (0 )

n ki —FR

+ 7 Z Z /OHZ_ ’ sgn (s)ds.

i=1 jEN;

According to a, > 1, b, > 0, it is known V, > 0. The
derivative of V is

— ¥k (FLT + ki )
— Tk (RT + I%T> Hsgn(H k) + m kT Hsgn(HT &)
= (a, — DETE — b.RTR + (&T + ,%T) My
— ek T Hsgn(H &) — o kT Hsgn(H k)
— 1 R THsgn(H &)
where x; = p; + axp; + bepi, and
T
x=[a o xal”

(13) can constraint the local scaling policies satisfy (8).
Hence, we know that

|p1 + anpi + bn (pz - ﬁmin)‘ S €k

Ixi — xj| < 2e.

Then, it is analyzed that

p My = p"M’x
< [[Mix| 1 [[Mx|[1

n n
<max {lxi —xl1 ) Y[Ry

i=1 j=1,j#i

< max {[x; — x;|} nmax
] [3

n

IN

2

n n

D i =1 Y

j=Li#i
n

i=1jEN;

Sn(n—l)aﬁz Z ff%i—fij‘.

Similarly, it

i=1jeN;

has

pTngn(nfl)eni i |Ri — Rjl.

i=1 jEN;

We also know that

ok THsgn(H k) < ox Z Z |Ri — Rjl.

Therefore, it follows that

1:1]6./\/.5
n n
oD D IRyl D R
i=1jeN; i=1jeN;
DTk — bR
n n

2min {a, —

> |Ri— 7

1, b}

]

Q. + by
1

1
1

)



This implies [& &] — 0. The formation scaling param-
eters reach an agreement. Then, we sum up the closed-loop
dynamics of (15) and (16), yielding

n n

Z/ﬁ = sz —ax Z(f% —pi) — Br Z(f% — pi)-

i=1 i=1
It apparently follows that 7', x; — >, p; and
Sn ki = >t i t — oo. In view of [& K| — 0, we

know r; — — >i—1pj and ; — - > i=1 pj> t = oc. Thus,
the control objective is proved.
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